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Penrose tilings form lattices, exhibiting 5-fold symmetry and isotropic elasticity, with inhomo-
geneous coordination much like that of the force networks in jammed systems. Under periodic
boundary conditions, their average coordination is exactly four. We study the elastic and vibra-
tional properties of rational approximants to these lattices as a function of unit-cell size NS and
find that they have of order
√
NS zero modes and states of self stress and yet all their elastic moduli
vanish. In their generic form obtained by randomizing site positions, their elastic and vibrational
properties are similar to those of particulate systems at jamming with a nonzero bulk modulus,
vanishing shear modulus, and a flat density of states.
PACS numbers: 61.44.Br, 63.50.Lm, 64.60.an, 64.70.Q-
Lattices of sites connected by central-force springs pro-
vide useful models of mechanical systems as diverse as
bridges, elastic solids, and granular packings. Their sta-
bility depends critically on their average coordination
number z = 2NB/NS , where NB is the number of bonds
and NS the number of sites in the lattice. Finite lattices
with z = zc = 2d−(d(d+1))/NS and lattices under peri-
odic Boundary conditions with z = zc = 2d are what we
will call Maxwell lattices [1, 2]. They are critical networks
that lie at the boundary between being mechanically
stable and mechanically unstable, and they control the
phonon structure and elasticity of nearby stable lattices
in which z increases above zc [3, 4]. Maxwell Lattices
and their generalizations to include bond bending play
an important role in engineering structures [5, 6], rigidity
percolation [7, 8], the glass transition [9, 10], biopolymer
gels [11], and randomly packed spheres near the jamming
transition [12, 13]. The latter systems are macroscopi-
cally isotropic and are characterized by a nonzero bulk
modulus and a vanishing shear modulus, which increases
with z > zc. Small unit-cell periodic Maxwell lattices
have also been studied [14–17] but, though like jamming
systems they are characterized by lengths and inverse fre-
quencies that diverge as z → z+c , none exhibits a nonzero
bulk and vanishing shear modulus at z = zc.
Here we introduce the 5-fold symmetric quasi-
crystalline [18–20] Penrose tiling [21], constructed from
rhombic tiles as shown in Fig. 1 with local coordination
number ranging from three to as high as ten with an av-
erage of four, as an elastically isotropic Maxwell lattice,
which can be approached via a series of rational approx-
imants with increasing NS, each of which is a Maxwell
lattice. We study the elastic and vibrational properties
[22] of these rational approximants as the Penrose limit
is approached. All elastic moduli in all of these approx-
imants, like those at the rigidity percolation threshold
[7, 8], are zero, and their phonon spectra, like those of
the square and kagome lattices, have of order
√
NS zero
modes. When site positions are randomized (rendering
the lattice “generic” [23, 24]), the properties of these
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FIG. 1. (color online) Unit cell of the (1/2)-periodic approxi-
mant of the Penrose tiling showing states of self stress (circled
1, 2, and 3). In all states, stress is localized on vertical lad-
ders with different signs of stress on opposite sides. States
2 and 3 share the bond marked bs, and are not orthogonal.
They can be orthogonalized to produce states mostly, but not
completely localized on the two ladders.
approximants are almost identical to those of jammed
packings of increasing size [25]: their bulk modulus is
nonzero for all NS , their shear moduli approach zero as
NS → ∞, their integrated density of states is linear in
frequency, and they exhibit quasi-localized modes [26].
Thus, generic Penrose tilings provide a model system,
whose construction is unhampered by dependence on nu-
merical protocols [27] or need for precise equilibration
[25, 27], that are in some sense in the same “universal-
ity class” as jammed systems even though their detailed
site-bond topology is quite different from that of jammed
systems and their method of preparation does not guar-
antee a nonzero bulk modulus. We will argue that the
shear modulus must vanish in any isotropic Maxwell lat-
tice with B > 0.
We create our Penrose networks using the stan-
dard projection procedure [28] from the five-dimensional
hypercube Z5 onto the 2-dimensional physical space.
Proper choice of the orientation of physical space within
hyperspace leads to the truly quasiperiodic rhombus
tiling. This orientation can be expressed in terms of the
golden ratio τ . Approximating τ by ratios τn of succes-
2sive Fibonacci numbers, τ1 = 1/1, τ2 = 2/1, τ3 = 3/2,
and so on, produces periodic approximants, composed of
4-sided rhombohedral tiles arranged in rectangular unit
cells of increasing size, that approach the 5-fold Penrose
tiling as n→∞. The Euler relation NS −NB +NF = 0
for a torus, where NF is the number of faces (or plaque-
ttes), ensures that z = 4 under periodic boundary con-
ditions for any tiling with four-sided tiles. This follows
because each bond is shared by two plaquettes, implying
NB = 2NF and NS = NF = NB/2. The number of sites,
NnS , and bonds, N
n
B, in the unit cell of the nth periodic
approximant obey the recursion relation
Nn+1S,B = 3N
n
S,B −Nn−1S,B (1)
with N1S = N
1
B/2 = 30 and N
2
S = N
2
B/2 = 80.
Periodic approximants (Fig. 1 shows the unit cell of
the (1/2)-approximant as an example) allow the natural
application of periodic boundary conditions. We study
the first eight periodic approximants ranging from τ1 to
τ8 = 34/21, which have 30 to 25840 sites. Assuming that
the bonds are harmonic central-force springs, the total
elastic energy of the so-obtained Penrose network with
unit spring constant is
E =
1
2
∑
b
s2b , sb = Cbiui , (2)
where the sum runs over all bonds, sb is the stretch of
bond b, ui the elastic displacement of site i, Cbi the corre-
sponding component of the compatibility matrix C [29].
Along with the compatibility matrix, the equilibrium
matrix Q = CT relating bond tensions tb to site forces
f i via Qibtb = fi plays an important role in determining
the nature of modes, particularly zero modes, in a lat-
tice. The full vibrational spectrum is determined by the
dynamical matrix D = QC (for site mass m = 1). A
zero mode is one that changes the positions of sites but
not the length of bonds, and the total number N0 of zero
modes is simply the dimension of the nullspace of C. A
set of bond tensions that does not impose forces on sites
is called a state of self stress [29], and the dimension of
the null space of Q is the number S of state of self stress.
The rank-nullity theorem of linear algebra implies the
generalized Maxwell relation [29]
N0 = 2NS −NB + S . (3)
Because NB = 2NS , the 5-fold Penrose lattice and each
of its rational approximants has N0 = S. This general
relation is born out by our actual calculations of eigen-
modes and states of self stress. Our results for N0 and S
as functions of NS are compiled in Fig. 2. We find that
N0 and S roughly scale as
√
NS, as is the case in small-
unit-cell periodic lattices such as the square and kagome
lattices [14] whose states of self-stress arise from straight
lines of bonds.
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FIG. 2. (color online) Number of zero modes and states of
self-stress. The (red solid) line 0.7N
1/2
S is a guide to the eye.
With modern computers, it is fairly straightforward
to find the set of S vectors that provide a basis for the
states of self stress. Finding a particular orthonormal
basis whose elements provide a simple geometric visual-
ization of the origins of the self stress is less so. In a
careful study of the 8 states of self stress for the 2/1-
approximant, we were able to show that six of the states
are ladder configurations, three of which are shown in
Fig. 1, and two were more uniformly spread throughout
the cell. Unlike the states of self stress in the square
and kagome lattice, whose tensions are all of the same
sign, these exhibit both positive and negative tension, an
important property as we shall soon see.
To study the mode frequencies and their spatial distri-
bution, we diagonalize the dynamical matrix D to obtain
the frequency ωm and normalized polarization vector pmi
of each site i in mode m. From these quantities, we ex-
tract the integrated density of vibrational states ρint(ω)
and the participation ratio
P (ωm) =
(∑
i |pmi|2
)2
NS
∑
i |pmi|4
(4)
which ranges from 0 when a mode is fully localized to 1
when a mode is fully extended. Fig. 3 shows our results
for the (13/8)-approximant. The results for the other
approximants are similar. Rather than exhibiting Debye
behavior (ρint ∼ ω2) at small ω, ρint(ω) ∼ ω, indicating a
flat non-integrated density of states as has been observed
at the jamming transition [3, 30] as well as in the square
and kagome lattices [14]. ρint(ω) remains approximately
linear in ω over the entire frequency range with deviations
resembling a devil’s staircase [31]. The participation ra-
tio, Fig. 3(b) shows that the zero modes, except for a few
that include the trivial modes (rigid translations of the
network) are localized or quasi localized. At intermediate
frequencies, the modes are fairly extended, and at higher
frequencies they become more localized, again as is the
case near the jamming transition [30].
States of self stress determine the linearized macro-
scopic elastic energy in terms of the symmetrized strain
uij [32]. Let the tˆ
α
b , α = 1, ..., S be components of the
3
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
in
t
(
)
ρ
ω
ω
ω
•••
•••••
•
•
••
••
•
•
•
•
•
••
••
•
•
•
•
•
•
••
•
•
•
•
••
•
•
••
••
••••
•
•
••
•
•
•
•
•
•
•
••
•
•• •
•
••
•
•
••
•
••
••
•
••
•
•
•
•
•
•
•
•••
•
•••
•
••
•
•••
•
•
••
••••
••
•••
••
••
••••
•
•
••
•••
•
•
•
•
•
••
•
•
••
••
••••
•
•
•
•
••
•
••
•
•
••
••
••
•
•
•
••
•
•
•
•
•
•
•
•
••
•
••
•
•
•
••
•
•••
•
••
•••
•
••
•
••••
••
•
••
•
•
•
•
•
••
•
••
•
••
•
•
•
•
•••
•••
•
•
••
•
•••
•
•
•••
•
•
••••
•
•
•••
•
•
••
•
•
•
•
•
••
•
••
•
•
•
•
•
•
•••
•
•
•
•
•
••
•••
•
•
•
••
•
•
••
•
•
•
•
•
•
••
•
•
•
•
•
••••
•
•
•
•
•
•
•
•
•
•
•
•
•••
•
•
••
•
•
•
•
•••
•
•
••
•
••
••
••
•
•
••
••
•••
•
•
•
•
••
••
•
•
•
•
•
•
•
••••••
•••••
•
•
•
•
•
•
••
••
•••
•
•
••
•
•
•
••
•
•
•
•••
••
•
•
•
•
•
•••
•
••
•••
•
•
•
••
•
••
•
••••
•
••
••
•
••
•
•
•
••
•
•
•
•
•
•
•
••
•
••
•
•
•
••
••
•
•••
••
•
•
••
•
•
•
•
•
•
•
•
••
••
••
•
•
•
•
•
••
•
••
•
•
••
•
•••
•
•
•
•
•
•
•
••
•
•
•
•
•
••
•
••
•
•
•
•
•
•
•
•
•
•
•
•
•
•
••
•
••
••
•••
••
•
•••
•
•••
•
•
••
•
•
•
•
•
•
•
••
•
••
•
•
•
•
•
•
••
•
•••
•
••
•
•
•
•
•
•
••
•
•
•
•
•
•
•
•
•
•
••
•
•
•
•
••••
•
•
••
•
•
•
••
•
•
•
•
•
•
•
•
•
•
••
•
•
•
•
•
••
•
•
••
•
•
•••
•
•
•••
••
•
•
••
•
••
•
•
•
•
•
••
•
•
••
••
•••
••
•
•••••
•0.1
0.3
0.5
0.7
0.9
(
)
P
ω
(
)
P
ω
10 10 0.001 0.01 0.1 1
0.1
0.3
0.5
0.7
0.9
-5 -4
(a)
(b)
(c)
FIG. 3. (color online) (a) Integrated vibrational density of
states for both original and generic lattice (indistinguishable),
(b) participation ratio of the original (black circles), and (c)
the generic (blue squares) Penrose network. The (red solid)
lines in (a) with slope 1/2 are guides to the eye. The zero
modes in (b) have been given a small nonzero frequency for
displaying purposes so that they appear at the left boundary
of the log-linear plot.
orthnormalized basis vectors of the nullspace of Q. Then
the Elastic energy is
E =
1
2
∑
α
(
∑
b
tαb s
a
b )
2 ≡ 1
2
Kijkluijukl, (5)
where Kijkl is the tensor of elastic moduli (times the cell
volume) and sab = eˆbiuij eˆbj is the affine stretch of bond
b where eˆb is the unit vector along that bond. Since
there are three independent strains, Kijkl can be ex-
presses as a 3 × 3 elastic matrix K (in the Voight nota-
tion) with six independent components leading in general
to six independent elastic constants (in two dimensions).
For complete elastic stability, all three eigenvalues of the
Voight elastic matrix must be positive. From Eq. (5),
it is clear that there must be at least three (d(d + 1)/2
in d-dimensions) states of self stress for complete elastic
stability. With S ∝ √NS , there are more than enough
states of self stress to completely stabilize elastic distor-
tions of the non-generic Penrose approximants. Never-
theless, all elastic moduli are zero for each of them. This
is because the overlap of each of their states of self-stress,
which have both positive and negative tensions [Fig. 1],
with the affine bond strains is zero. This is in contrast to
the kagome lattice, for example, which has three states
of self stress at zero wavenum ber and an elastic matrix
with three positive eigenvalues [16].
Particulate systems at the jamming transition are
amorphous and generic and hence, in general, free of any
but the d translational zero modes (and “rattlers”, which
can be removed). To model this property in Penrose
tilings, we follow Ref. [8] and introduce small random
site displacements to produce “generic networks” with
random bond lengths and bond angles without affect-
ing local topology. These local distortions eliminate all
but the two translational zero modes and their two as-
sociated states of self-stress and thus make the generic
Penrose network a more realistic model for amorphous
materials such as jammed matter.
To study the connection of the Penrose network with
the jamming transition in greater depth, we consider in
the following not only generic Penrose networks with
NB = 2NS, but also versions of them with 1 or 2
bonds removed or 1 added somewhere in the network.
∆ = NB − 2NS measures the under or over coordination
relative to the Maxwell lattice. From the eigenmodes
and states of self stress, we find that N0 = 2 (the trivial
modes) independent of NS and ∆, and S = 2+∆ in full
agreement with relation (3). The integrated density of
states for the generic network with ∆ = 0 is practically
indistinguishable from that of the non-generic case, see
Fig. 3 (a). In particular, we once again obtain jamming-
like ρint(ω) ∼ ω for small ω. The participation ratio for
∆ = 0, of course, differs from that of the non-generic
case, because there are fewer zero modes. In Fig. 3 (b),
we see that all but the trivial zero modes get lifted to
finite-frequency, quasi-localized modes. In the vicinity
of the jamming transition, the non-trivial low-frequency
modes are also quasi-localized albeit the number of quasi-
localized modes relative to the total number of modes is
significantly higher there [33].
Next, we calculate the bulk and shear moduli of the
generic Penrose network. Because we expect the av-
erage generic network to exhibit isotropic elasticity in
the NS → ∞ limit, we express strain in terms of its
compression, pure-shear, and simple-shear components
U = (uxx + uyy, uxx − uyy, 2uxy), and we calculate the
3× 3 elastic matrix K in this basis for each random con-
figuration. In the isotropic limit, this matrix becomes
diag(B,G,G) where B is the bulk modulus, and G is
the isotropic shear modulus. We verify that all of the
states of self stress in the network have non-zero over-
lap with the vector of affine strains for ∆ = −1, 0, 1.
We then calculate the eigenvalues of K for each random
configuration and verify that 2 + ∆ of them are posi-
tive. The largest eigenvalue in all cases very quickly
corresponds with increasing NS almost exactly to pure
compressions, and we identify this eigenvalue with the
bulk modulus. When ∆ = −2, all moduli are zero, when
∆ = −1, the bulk modulus is the only nonzero eigenvalue.
When ∆ = 0, there is a second positive eigenvalue, G1
which corresponds to some combination of pure and sim-
ple shear depending of the random configuration; and
when ∆ = 1, there are two shear moduli G1 and G2. In
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FIG. 4. (color online) (a) Bulk and (b) shear moduli of the
generic Penrose network for ∆ = 1 (green squares), ∆ = 0
(black circles), and ∆ = −1 (orange triangles). In (b), the
solid and open symbols pertain to G1 and G2, respectively.
The curves in (a) are fits of the form B = ρ[1− exp(−τNS)],
and the lines in (b) are fits of the form G1 = χN
−1
S and
likewise for G2 with fit-parameters ρ, τ , χ depending on ∆.
the NS → ∞, isotropy requires G1 = G2. Thus, when
∆ = 0, G1 must tend to zero with NS because G2 is
identically zero. This is a general property of periodic
Maxwell lattices that approach isotropy with increasing
unit-cell-size. Adding an extra bond does generally does
not cause a discontinuous changes in this picture, and
if it does not, both G1 and G2 approach zero with NS .
Figure 4 displays the averages of B, G1, and G2 over con-
figurations as a function of NS for small for ∆ = −1, 0, 1.
At small NS , B undergoes a changes of about a factor
of 10 from ∆ = −1 to ∆ = 1. As Ns increases, B in-
creases in all cases, reaching a plateaus at large NS with
B(∆ = 1) ≈ B(∆ = 0) and B(∆ = −1) a factor of about
4 smaller. In all cases, the shear modulus approaches
zero as 1/NS. For completeness, we note that we also
looked at generic Penrose networks with ∆ beyond 1 and
observed elastic moduli that were qualitatively the same
as for ∆ = 1. We also calculated the average 〈K〉 of the
elastic matrix over all configurations for each ∆ and NS .
Because of the nonlinear relation between K and random
displacements, 〈K〉 generally exhibited 3 rather than the
2 + ∆ positive eigenvalues exhibited by each configura-
tion of K. The difference between the average of bulk
moduli calculated from K and the bulk modulus of the
〈K〉 was not generally significant but that for the shear
moduli was.
Our counting based on the index theorem [Eq. (3)] and
the relation between the states of self stress and the elas-
tic energy [Eq. (5)] agrees with those obtained in the con-
text of jamming through requiring these packings to be
stable with respect to shape as well as volume change [27]
and through studies of finite size effects in these packings
[25, 34]. In all cases, the bond excess ∆ = NB − 2N in
2d generic latices under periodic boundary conditions re-
quired to ensure stability with respect to volume change
only, to volume change and one shear, and to all uniform
elastic distortions is ∆ = −1, 0, 1, respectively. These
results are equivalent to the observation that a lattice
under periodic boundary conditions cannot be both stat-
ically and kinematically determinate [35].
Penrose tilings and their rational approximants are
Maxwell lattices that approach elastic isotropy as NS →
∞. Remarkably, in their original form, all of their elastic
moduli are zero, but in their randomized generic form,
they, like packed spheres near jamming, have nonzero
bulk moduli and shear moduli that vanish as NS → ∞
in spite of their not being specifically constrained to sup-
port isotropic loads. Their vibration eigenmodes are also
similar to those at the jamming transition. We have
not carried out systematic investigation of the effects of
adding an extensive number of bonds, but we expect that
doing so will have an effect similar to increasing z near
jamming. Our study focussed on the systems with sin-
gle unit cells under periodic boundary conditions, i.e.,
restricting our attention to the zero-wavenumber limit of
periodically repeated unit cells. The latter has modes at
all wavenumbers with zero modes at each wavenumber in
the nongeneric lattices. The original Penrose tilings are
critical lattices, similar in many respects to the kagome
lattice with ∼ √NS states of self stress that can be re-
moved by even infinitesimal displacements of sites. This
raises the possibility that controlled displacements could
lead to different topological classes [17] with associated
zero surface modes. Three-dimensional Penrose tilings
[36] are also Maxwell lattices, and they should have prop-
erties similar to their 2d cousins. Finally, we note that
quasicrystals lie at the boundary between periodic crys-
tals and glasses, and it is intriguing that slight random-
ization of position of lattice sites leads to glassy-like be-
havior.
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